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Abstract
We study a network pricing model of network service providers competing to maximize profit while their clients attempt to gather utility. The model involves numerous factors (network capacity, link prices, latency, flows, etc), which thus increases the complexity of our analysis. The design of a computer system capable of accounting for all such factors and helping us determine the optimal benefits present in various network setups was necessary. 

1. Introduction 

Over time, the pricing of networks such as the internet has taken the form of a strategic game between a large number of network service providers in their attempt to fulfill their own profit as well as the satisfaction clients gain from their service. As networks grows so do the different types of network pricing strategies or configurations; yet, not every one of these strategies is economically beneficial (or in other words, a pricing model that generates a good level of both client satisfaction and provider profit). A few questions thus arise: what pricing configuration is beneficial to both clients and service providers? How are those benefits evaluated? What are the types of factors involved and how are they accounted for? These are some of the main issues we address in our research. Our work involves dealing with numerous factors such as providers’ profit, users’ utility, network capacity, link prices, latency, flows etc, which thus increases its complexity. Creating a computer system capable of accounting for all such factors and helping determine the optimal economic benefits present in various network pricing configurations was thus needed.
2. Motivation

There are a few key reasons why we are interested in relying on a computer system to study how economically beneficial certain network pricing configurations are. One reason is that we want to have some idea about the level of degradation in network performance that exists between various network configurations. Similar concepts have been tackled in previous works such as [1], and this aspect also refers to evaluating the benefits within some configuration. Lastly, it gives us an insight on how the overall pricing model might be improved. 
Another reason why we are interested in relying on a computer system for the study is that our analysis deals with a rather complex but realistic network pricing model that supports a great deal of factors. The use of such a system thus renders our analysis more practical as well as flexible to some degree.  

3. Model 

The model we study is mainly based on the one studied by Tardos, Hayapetyan and Wexler [2]. It is basically defined as follows: the network is made of two nodes (source plus destination) with k links between them. Every link i is controlled by a distinct network provider that charges price pi for the use of the link. Moreover, link i bears some level of latency li due to the flow fi of traffic on i. Clients’ satisfaction while using link i is called disutility and it depends on the price and latency present on that link. For instance, as provider i charges pi and fi volume of flow goes through link i, then the flow experiences some disutility of pi + li(fi). Clients are capable of switching links so as to incur a minimum level of disutility, causing all links to have the same disutility while the system is in equilibrium. Disutility is also assumed to be decreasing and concave [3].  

Let us recall that our main purpose is studying two different configurations of the system so as to see how economically beneficial they are.  Before going any further we must define the two configurations. 
3.1 Nash Equilibrium configuration 

The Nash equilibrium configuration of the pricing model entails that all providers or link owners selfishly set link prices in a non-cooperative manner [3]. In this each player’s pricing strategy is an optimal response to those of other players; yet, the objective here is to maximize providers’ profit and users’ utility. 
3.2 Social Optimum Configuration


The Social optimum configuration of the pricing model involves the presence of a social planner such as the government that arbitrarily assigns all link prices to providers. This configuration is also referred to as being a centrally controlled system [4]. As in the Nash equilibrium configuration, the goal here is also to maximize profit gained by providers plus the utility gathered by users of the network links. This combination of providers’ profit plus users’ utility is called social welfare [3]. 
3.3 Measuring Social Welfare and Finding the Price of Anarchy 

In order to show how the social welfare of some network configuration is accounted for, we must first define a few terms. 

· Providers’ Profit

Every provider i chooses a price pi for his link. These prices, together with the latencies as well as users’ demand, provoke some distinct flow fi on the link. Then can the provider attempt to maximize profit that is  πi= pi *  fi   [2]   
· Users’ Utility 
In earlier paragraphs we came across disutility as being u(x) = pi + li(fi). Based on this definition it is logical that each user can only tolerate some maximum level of disutility (let’s call it threshold) from the use of some link. So in the end the level of utility that user gains from the link is the difference between that threshold and the actual experienced disutility. It is in fact some user surplus define as U(x) – d, where d is the actual experienced disutility [2].   

· Measuring Social Welfare 
As slightly mentioned in section 3.2, the social welfare of the pricing model is defined as the sum of all providers’ profit and all users’ utility {Σi πi +0∫F (u(x)-d)dx} [3], and is well sought after in both of the configurations. Here is a good illustration of it.   

Figure1: Social Welfare 

Figure1 perceptively shows the areas of concern to finding the social welfare in this system. Π1 is profit from link 1 and Π2 the one on from link 2. The blue surface represents the sum of all users’ utility respective to every distinct amount of flow.  

· Finding the price of Anarchy  

By definition the price of anarchy is the ratio of the social welfare attained in the Social optimum configuration versus the social welfare attained in the Nash equilibrium configuration [3]. In other words, it shows the proportional amount of social welfare in one configuration relative to the other, leading to knowing which system is more rewarding economically. 
4. Implementation of the Model

Nearly all of the aspects we have discussed in section 3 concerning the model are what we have implemented in a computer system. The implementation of the model is basically done using the MATLAB software while relying on linear algebra methods plus optimization techniques. 
4.1 Computer System (created 
using MATLAB)
Here is an outline of how the system operates: 
●
Set up network
characteristics (with variables such
as: flows, latency, capacity user
utility functions, etc…) so as to configure the pricing model in a realisticmanner
●
Use optimization techniques 
to compute the maximum social 
welfare attained by the network
system when it reaches equilibrium
(this step could vary from one network type to the other)
●
Find optimal flows pertinent
to that equilibrium state as well as the optimal prices that satisfy such flows 
· Results  

After going through the above procedure the system is able to evaluate social welfare, optimal flows plus optimal prices for all links is present in different network configurations. The price of anarchy can thus be eventually computed as well based on the social welfares. 
- 
Advantages 
The key advantages of implementing the model in MATLAB is that it allows for easy alteration of network setups followed by very fast computation of results. This then favors the analysis of a large array of configurations with various flows, latency, capacity, user utility functions, etc. Overall, the scope of our study is broadened to some extent while still being practical and straightforward in a sense. 
5. Future Work 

We need to render the model as well as computer system more flexible so that they support nonlinear functions efficiently. This will contribute to turning the model to be even more realistic by enabling our system to include more variables such as: how much each customer values the price amount assigned to a link or the latency present on that link. We also need to eventually get rid of all the technical flaws within our computer system. 
6. Conclusion

Despite some inconsistencies in our computer system, our research is still very promising. The need for a computerized tool for the analysis of network pricing models is still great because of the complexity of the work. We feel very optimistic about improving the tools we have at the moment so as to further broaden the scope of our research. 
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